• The prototypical example of a saddle-node bifurcation is given by 2 x r x = + & • As r<0, there are two FPs, stable at x=r and unstable at x=-r. • As r increases the two FPs move towards each other and coalesce into a half-stable FP at x=0. • This FP is destroyed as r increase to become positive.
Saddle-node bifurcation
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• The conventional way to draw a bifurcation diagram for a 1D system is to plot dx/dt = 0 in the r-x-coordinate system. • The stable branch is plotted with a solid line.
• The unstable branch is plotted with a dashed line.
x x r r
Saddle-node bifurcation
• The prototypical examples are representative of all saddle-node bifurcations and are hence called normal forms. Close to FPs the behaviour of other systems giving rise to saddle-node bifurcations can be mapped to normal forms. Taylor expansion close to x * and the parameter value r c at which the stable and unstable FP collide yields:
, where the quadratic terms in r and cubic terms in x have been neglected. Now, at FP f(x*)=0, and at the saddle-node bifurcation point (x*,r c )
Thus,
where / and / . This is of the normal form after a scaling of and . 
Transcritical bifurcation
• (Example 3.2.2 in Strogatz) Analyse the dynamics of dx/dt = r ln x + x -1 near x = 1, and show that the system undergoes a transcritical bifurcation at a certain value of r. Then find new variables X and R such that the system reduces to approximate normal form dX/dt~ RX -X 2 near bifurcation.
• Solution: x = 1 is a FP for all r. Introduce a new variable u = x -1, where u is small. Then
By substituting the equation becomes 1 ( 1) ( ). Now we choose 2 / 2 and let 1 and to achieve the approximate normal form
• Pitchfork bifurcation is related to symmetries in the system. For example in systems having a spatial symmetry between left and right FPs tend to appear and disappear in symmetrical pairs (think for instance of a buckling beam).
• The normal form is 3 .
• The minus sign gives supercritical pitchfork bifurcation. The name implies that there can exist a FP above bifurcation.
As As r r = 0 the solutions no longer decay exponentially fast to FP, = 0 the solutions no longer decay exponentially fast to FP, but rather algebraically. This is called but rather algebraically. This is called critical slowing down. critical slowing down.
Supercritical pitchfork bifurcation
• The corresponding bifurcation diagram looks like pitchfork. 
Flows on the Circle
• The vector field on the circle is of the form
θ is a point on the circle and is a point on the circle and d dθ θ/dt /dt the velocity vector the velocity vector at that point. Like the line, the circle is one at that point. Like the line, the circle is one--dimensional, but dimensional, but now a phase point unlike on the 1D line can return to its now a phase point unlike on the 1D line can return to its starting place. Thus, vector fields on the circle provide the starting place. Thus, vector fields on the circle provide the most basic model of systems that can oscillate. most basic model of systems that can oscillate. 
• Notice that in linear systems there is always a FP at origo. The trajectories approach the stable FP tangent to the slower decaying direction as t → ∞. Looking backwards along a trajectory t → -∞, it becomes tangent to the faster decaying direction.
• If both directions decay with equal rate (a=-1) the stable node is called a symmetrical node or star. • In the case a=0 there is a line of FPs along the x-axis.
The trajectories approach these along vertical lines (please ignore the small arrow on the x-axis).
• When a>0, x* becomes unstable due to the exponential growth in the x-direction. x*=0 is a saddle point.
• In forward time, the trajectories are asymptotic to the x-axis; in backward time, to the y-axis. These directions intersect at the saddle point.
• The trajectory starting on the y-axis ends at x*=0. The y-axis is called the stable manifold of the saddle point: the set of initial conditions x 0 such that x(t) → x* as t → ∞. Likewise, the xaxis is the unstable manifold in this case: that's where the trajectories not starting from the stable manifold end up as t → ∞.
• Some terminology: x*=0 is an attracting FP if all trajectories starting near x* approach it as t → ∞. If x* attracts all trajectories in the phase plane it is called globally attracting.
• A FP x* is Liapunov stable if all trajectories that start sufficiently close to x* remain close to it for all time. In the previous example the origin is Liapunov stable for all cases except for a>0.
• A FP is unstable if it is neither attracting nor Liapunov stable.
• Also in a general case where A is non-diagonal we seek for straight-line trajectories, for which the phase point starting on such a line stays on it, and the trajectory exhibit exponential growth or decay. Now they are not necessarily the coordinate axis.
• For the general case we seek trajectories of the form x(t) = exp(λt) v, where v≠0 is some fixed vector and λ is a growth rate, both to be determined. Now, substituting the exponential form for x(t) into dx/dt = Ax yields Av = λv, which says that the desired straight-line solution exists if v is and eigenvector of A with corresponding eigenvalue λ. Then x(t) = exp(λt) v is called an eigensolution.
Classification of linear systems
• Notation: Recall that the characteristic equation for the linear system dx/dt = Ax is det(A-λI)=0. For a 2x2 matrix: • Linearization works fine for FPs that are inside one of the regimes in the classification diagram sketched before.
• For borderline FPs one should be cautious; centres, degenerate nodes, stars, or nonisolated can be altered by small nonlinear terms.
• A phase portrait is called structurally stable if cannot be changed by an arbitrarily small perturbationto the vector field.
• So, in summary you determine the nullclines, nature of FPs and try to sketch the flows in between.
